A silo with a shallow hopper is designed to achieve the required silo capacity when the headroom available is limited, provided that the issue of segregation of stored particulate solids is not a problem. Several analytical models have been proposed to try to predict the design loads for such shallow silo hoppers to guarantee their structural integrity. In this study, a novel finite element analysis has been conducted to explore the development of pressures and tractions on the wall of a full scale shallow hopper when it is filled with sand. Simple meshes were used to represent the sand and the hopper wall. Coulomb friction modelled the interaction between the sand and the wall. The process of progressive filling was simulated by temporarily suspending and then re-activating appropriate parts of the mesh. The two computational models of "switched-on filling" and "progressive-filling" were used to determine whether
Introduction
Silos are manufactured in several different forms, and used to store and discharge a great variety of different particulate solids. Although the geometric form may appear to be quite simple: a vertical section with either a steep or shallow hopper beneath it, both different solids and different silo geometries produce significant complexity in both the pattern of solids flow and the pressures exerted on the hopper wall.
Depending on the inclination of the hopper to the vertical, the stored solid will discharge in either a mass flow or a funnel flow mode. As described by Rotter (2001) and adopted into the European standard EN 1991 EN -4 (2006 , funnel flow can also take a number of different forms. The funnel flow mode is most likely to occur when the hopper slope has a low angle to the horizontal (Jenike, 1964 (Jenike, , 1987 Drescher, 1992 Drescher, ,1998 Rotter, 2001) , which is termed shallow. Although a considerable research effort has addressed the challenge of predicting the flow mode for a given solid and silo geometry, it remains very difficult to predict the shape of the flow channel boundary between flowing and stationary solid (Rotter, 2001; Rotter 3 et al. 1998; Nedderman, 1992) . Even under symmetrical conditions, such a prediction is needed to determine the pattern of pressures that will occur during discharge, which can differ by a factor of 2 or more depending on the flow pattern. The stresses developing in a conical hopper structure depend significantly on the pattern of pressures on the hopper wall, and several potential modes of failure exist (Rotter, 2001) . A proper assessment of the structural integrity of the hopper may therefore depend on the pattern of solids flow.
A silo may be designed to have a shallow hopper if the available headroom is only limited. This arrangement achieves a high volumetric capacity without the total height of the silo being large. A shallow hopper may also be chosen to avoid abrasive particulate solids sliding against the wall, since the flow mode will normally be internal. However, a shallow hopper should not be used if segregation of the stored solid may cause process problems.
Experimental silos are used to study discharge processes and pressures, so a hopper is normally required as part of a silo in both experimental and theoretical research studies. Except in very slender silos, the hopper supports the majority of the weight of stored solid (Rotter, 2001) , so the loading on it is important for structural integrity assessments. However, the pressures on the hopper wall change from the condition after filling to that during discharge (Walker, 1966; Jenike et al., 1973; Walters, 1973; Enstad, 1975; Rotter, 1999 Rotter, , 2001 EN 1991 EN -4, 2006 ) and this has a significant impact on the structural design of the hopper (Teng and Rotter, 1991) .
The process of filling material into a hopper involves both piling particles into a heap and flow down the established surface (Zhong et al., 2001; Vanel et al. 2000; Khakher et al. 2001; Campbell, 2006) .
Within the pile, the distribution of stresses is anisotropic in nature, and develops progressively (Bater and Behringer, 1989; Ristow and Herrmann, 1995; Feise and Schwedes, 1998; Anad and Gu, 2000; Socolar et al. 2002; Otto et al., 2003) . This stress field transmits forces to the silo or hopper wall as filling progresses. 4 It has long been understood that the filling process has a significant effect on the flow pattern during discharge (Wright, 1979; Rotter, 1999 Rotter, , 2001 Vanel et al. 2000; Zhong et al., 2001) . At the onset of discharge, the pattern of stresses in the solid changes and progressively evolves further during the process of discharge. These changes are significantly influenced by the pattern of stresses developed during filling.
Thus, an accurate determination of the stress patterns in the granular material as a result of the filling process is critically important. There is strong evidence that shows that the pressures exerted on a hopper after filling are more critical to the structural integrity of the hopper than the discharge pressures (Rotter, 1986; Teng and Rotter, 1991; Zhong et al., 2001 ). This paper therefore consequently focuses on the loads applied by the stored solid to the wall of a shallow hopper during the filling process.
Traditional attempts to predict the pressures exerted on the walls of silos began with the classical algebraic analysis of Janssen (1895), which applies to material in the cylindrical section of a silo. This analysis examines the vertical equilibrium of a slice of stored solid and derives the differential equation for its state. To produce a useful solution, two assumptions are then made: a) the ratio of the average horizontal pressure against the wall to the average vertical stress over a horizontal section is constant throughout the silo height; the value of this constant depends on whether the material is freshly deposited or discharging (Rotter, 2008) , sometimes imagined to be in a Rankine active state or passive state (Nedderman, 1992) ; and b) the wall friction is fully mobilised and remains constant throughout the whole silo height, a condition which may be met if the wall is uniform and the hopper is steep (Rotter, 2001; Ding et al., 2011) . Different authors later derived the corresponding differential equation for a slice in a linearly tapering channel, which could be either conical or wedged-shaped (Dabrowski, 1957; Walker, 1966; Walters, 1973; McLean and Arnold, 1976; Enstad, 1981 Enstad, , 1975 . Most of these theories used the slice treatment of Janssen, but they then made different assumptions concerning the evaluation of the ratio of wall pressures to vertical pressures. In general, these theories appear to match experimental data 5 reasonably well for hoppers that are steep, since the solid slides down the wall as the material below it compresses slightly, ensuring that the friction coefficient between the solid and the wall is fully developed.
However, in a shallow hopper, which is the subject of this study, Rotter (1999 Rotter ( , 2001 proposed that the above slice models, which all assumed full development of the wall friction, should be amended by using an effective hopper wall friction coefficient ( eff ) because the solid is no longer sliding against the surface.
He produced a criterion to distinguish between "steep" and "shallow" hoppers, which gives a smooth transition between the two cases. However, this theory still lacks satisfactory convincing verification at the present time. This study investigates this concept.
The pressures imposed on the wall of a shallow hopper during and after filling are investigated here to provide some evidence to either justify or disprove this effective wall friction coefficient proposal.
Since the classical theories are all based on treating the stored solid as a continuum, it is quite appropriate to adopt that assumption, so a finite element analysis is used. Finite element modelling of granular solids has been very widely and successfully used in the field of geomechanics, so its relevance is not in doubt.
It has also been used to determine the pressures on hopper walls (Haussler and Eibl, 1984; Rotter, 1990, 1991; Meng et al., 1997; Rotter et al., 1998; Holst et al. 1999; Hjelmstad and Taciroglu, 2000; Keiter and Rombach, 2001) . In the present study, the development of pressures on the wall of a shallow hopper was studied during the filling phase. A novel progressive filling computational technique was used, implemented into the commercial software ABAQUS (2004), to predict both the normal pressures and the frictional tractions on the hopper wall (Ding et al. 2011; Ding et al., 2003; Ding, 2004) . The resulting numerical predictions are compared with the analytical predictions of the classical theories for hopper wall pressures using an adopted effective friction coefficient ( eff ). Experiments on sand in a small full-scale hopper were carried out to measure local pressure magnitudes on the wall of a shallow hopper to test the numerical predictions. Comparisons were then drawn between the predicted and measured pressures and 6 the mobilised friction.
Numerical modelling and predictions
The axisymmetric shallow conical hopper chosen for this study had been used in an experiment on hopper flow and pressures. It was made of stainless steel plate, 6 mm in thickness. It had a 45 half angle, was 1210 mm high with an upper diameter of 2520 mm and a 100 mm diameter outlet. The hopper aspect ratio h/r was therefore 1.0, where h is the height from cone apex to the top and r is the maximum radius and its maximum radius to thickness ratio was r/t = 210. The stored solid (dry sand) was filled into the conical hopper from a fixed height on the hopper axis, piling up as an axisymmetric cone at the natural repose angle under concentric filling (Fig. 1) . The results of the experiment are described later.
Finite element formulation
The finite element package Abaqus (2004) was used to perform the finite element calculations. The finite element model used a Lagrangian frame and was created to represent both the shallow hopper structure and its stored sand. The hopper wall was represented as an axisymmetric shell using SAX2 elements (3-node quadratic element with 3 dof/node). The sand was represented by the continuum axisymmetric element CAX8R (8-node bi-quadratic axisymmetric quadrilateral with reduced integration).
The hopper structure was constrained horizontally and vertically at the top edge and horizontally at the bottom edge. The boundary of the stored sand was constrained vertically at the outlet, corresponding to a closed outlet, but its other edges were free. Nonlinear convergence was achieved by the Newton-Raphson algorithm. A default tolerance of 10 -5 was used for both stress and deformation convergence. Further details may be found elsewhere (Ding et al. 2011; Ding et al., 2003; Ding, 2004) .
The hopper structure was assumed to be weightless, elastic and isotropic with a Young's modulus of E w = 2.0 x 10 7 continuum, using associated flow and the Mohr-Coulomb failure criterion. Whilst this is a very simple model for sand, it is believed to be adequate to capture the essential characteristics of the behaviour in the present case. It is also justifiable because it can give an appropriate correlation with the classical theories developed in the past. Other models, including Drucker-Prager and plasticity/creep were also explored by no significant difference was found in the outcome of the present calculations, which have previously been found to be insensitive to the choice of constitutive model (Ooi and Rotter, 1989) .
The sand was subject only to gravity loading, with no external pressure applied to the upper surface. The interaction between the wall and the stored solid was characterised by a stick-slip representation with a single value for the fully developed wall friction coefficient using the Coulomb friction model (Ooms and Roberts, 1985; Ooi and Rotter, 1991; Heege et al., 2003; Siavoshi et al., 2006; Evesque and Adjemian, 2002; Qu et al., 2001; Schwedes, 2003) . This stick-slip model is particularly important in the present study because the stored solids may not slip against the hopper wall in a shallow hopper even though shear forces are transmitted through the interface (Rotter, 2001; 2008) .
The pressures applied by the solid to the hopper wall may depend on the process of filling. The reason is that new material deposited at the surface is essentially stress-free, but it lands on a body of material that is already stressed and consequently already deformed. If the entire body is assumed to be in existence and stress free before loading is applied to simulate gravity, the residual stresses arising from the progressive filling process are all omitted. The existing literature is unclear on whether these residual stresses can make a significant difference to the hopper pressure pattern, or to the wall friction development (slipping) or not. Two loading methods were therefore used in the present calculations:
"switched-on" filling, in which gravity is applied everywhere to an unstressed body, and "progressive" filling, as outlined below.
The following method was used to simulate the filling process progressively (Ding et al., 2011; 8 Ding et al., 2003; Ding, 2004) . The surface was assumed to be inclined at a single slope at the angle of repose, which was taken as identical to the angle of internal friction. Symmetry was assumed down the vertical axis in the hopper. The stored solid in one half was then partitioned into regions. In each partitioned region, the mesh, stored solid weight and the contacting interactions between the stored solids and wall were defined, but these were inactivated and suspended at the beginning of the analysis. They were to be progressively reactivated during the analysis.
The region representing the sand (Feil! Fant ikke referansekilden. Fig. 1 ) was divided into eight segments, each with an equal length of hopper wall contact, and bounded by lines parallel to the inclined repose surface. These segments each had the same thickness and depth, but they had very different volumes.
Fig. 1Layered segments used in the finite element representation
By reintroducing the suspended parts of the mesh and reactivating gravity on them in the natural progression from the base to the top, concentric progressive filling was simulated. It was assumed that each new layer was placed on the previous stressed layer without impact and without initial stress.
Choice of parameter values
The stored sand was modelled as an ideal elasto-plastic solid with the Mohr-Coulomb failure criterion. The key parameters required for this model are Young's modulus E m , Poisson's ratio  m , the unit weight of the sand  (represented by its density ) and the angle of internal friction  . The value of Young's modulus E m = 155 kPa was taken from Hjelmstad and Taciroglu (2000) . A much lower value (55 kPa) was also used to provoke more significant deformations in the stored solids, but the reader will 9 see that this was not necessary. It may be noted, however, that measurements on sand (Green and Fielding, 2007) have produced stress-dependent values that lie around 2000 to 4000 kPa at low stress levels. This difference can account for some of the findings seen later in the paper. The value for
Poisson's ratio  m was derived from the conventional description of lateral pressure ratio k (Jaky, 1948) as:
combined with the lateral pressure ratio from axisymmetric elasticity theory, Ooi and Rotter (1991) :
which gives
This relationship was also quoted by Qu et al. (2001) . The values of properties were measured in the laboratory and are listed in Table 1 . The elastic modulus is an approximate value and is known to be stress-dependent, but the outcome of these calculations does not appear to be sensitive to the chosen figure. 10 2.3 Loads on the hopper wall from "switched-on" and "progressive" filling
The pressures and frictional tractions applied by the stored solid to the hopper structure were all obtained from the calculated stress state in the contact elements. This provides the clearest indication of the forces acting between these two bodies.
The pressures on the hopper wall were calculated using both "switched-on" filling and "progressive" filling. For switched-on filling, all eight segments were reactivated simultaneously and all wall contacts were reintroduced together, but gravity was incremented to provide an appropriate load path.
At the end of gravity implementation, the contact forces between the stored solid and hopper wall were interpreted as normal pressure and frictional traction on the hopper wall. The predicted distribution of normal pressures is shown in Fig. 2(a) .
Under progressive filling, both a six-step and an eight-step procedure were performed and the results compared to determine whether this choice is critical. In the six-step procedure, producing 6 layers, elements were reactivated from Segment 1 to Segment 8, but Segments 3 and 4 and Segments 5 and 6
were reactivated simultaneously. In the eight-step procedure, producing 8 layers, the elements in each segment were reactivated one at a time in strict sequence. The normal pressure patterns on the hopper wall are shown in Fig. 2 , with switched-on filling in Fig. 2(a) , the progressive development of pressures from six-step progressive filling in Fig. 2(b) and from eight-step progressive filling in Fig. 2(c) . The legends in these figures are a little obscure, but it should be noted that pre_l6_4 indicates a 6 layer analysis and the result after the fourth layer has been implemented.
The predictions of the development of pressures under progressive filling all show some local numerical errors in their detail, but the overall pattern can be seen to be similar for all the predictions. The form of all the pressure patterns corresponds well to the classical form of expected pressures in hoppers, 11 first derived by Dabrowski (1957) , under the assumption of a constant ratio of normal wall pressure to mean vertical stress in the solid, together with a constant wall friction coefficient, which is given by (Rotter, 2001) as
where x is the vertical distance above the cone apex, h is the height of the hopper,  is the unit weight of solid, and n depends on both the normal pressure ratio and the wall friction coefficient. The pressures induced by solids in a cylinder section above the hopper have here been omitted for clarity. The location of the peak pressure naturally depends on the value of n as
which indicates that the peak is at midheight for n = 2, but it rises from x/h = 0.4 at about n = 1.2 to x/h = 0.6 for n = 3.4, with a corresponding steady decrease in the peak pressure as n rises. Whilst the location is not very sensitive to the value of n, the peak pressure falls by a factor of 2 over this same range. Thus the peak pressure is significantly sensitive to the value of n. In simple terms, if the simple assumptions of this theory are valid, lower locations for the peak pressure lead to higher pressure values.
Switched on filling (Fig. 2a) placed the peak pressure slightly below midheight at about x/h = 0.47, whilst both progressive filling models (Figs 2b and 2c) placed it lower at about x/h = 0.36. The peak pressure magnitudes at the end of filling increased significantly when progressive filling was modelled, with the switched-on peak at 9.6 kPa, but the six layer and eight layer filling at about 11.2 kPa and 11.4 kPa respectively. This rise of approximately 18% is somewhat lower than the change expected by the change in peak pressure location, which is around 35%. Nevertheless, the modelling of progressive filling, A good understanding of the frictional behaviour is best seen by dividing the local frictional traction at each point on the wall by the corresponding local normal pressure. This ratio indicates the effective coefficient of friction that is being mobilised. This ratio, as determined in each of the three filling methods, is shown in Fig. 3 . In the legend, "Layer-6" means the 6 layer analysis.
The amount of frictional shear (traction) that developed at all points in the hopper can be seen to fall far below the prescribed wall friction coefficient of  = 0.40. Irrespective of the filling modelling, the effective mobilised friction is seen to be almost constant throughout most of the hopper, and at essentially the same value. It is also evident from Fig. 3 that the wall friction coefficient was nowhere fully developed.
Thus, in this shallow hopper, sliding of the solid against the wall does not occur, but instead a limited amount of frictional force development is sufficient to reach equilibrium within the solid. It is of considerable interest that the amount of frictional force development, which might be imagined to take any value between zero and the wall friction coefficient, became almost uniform throughout the hopper, and 13 reached a very similar value in all three models at around 0.31 to 0.33. Thus the concept of a single "mobilised friction coefficient" throughout a hopper, proposed by Rotter (1999 Rotter ( , 2001 ) for shallow hoppers, appears to be significantly borne out by these calculations.
There are slight deviations from this simple single value. When the filling process was modelled as switched-on, a local high value of friction coefficient, nearly rising to the prescribed value of  = 0.40, is predicted near the top of the hopper. By contrast, both progressive filling calculations show the opposite tendency, with declining friction development near the surface. This latter is to be expected by the very small deformations experienced by the last deposited material, because it is only deformed under its own weight and not compressed further by any surcharge above it. It is possible that these findings depend somewhat on the model that is used for the wall friction, but an understanding of the mechanics suggests that these findings are likely to be reasonably robust.
The frictional traction distributions themselves, and their progressive growth, are shown in Fig. 4 .
The legends in these figures are again slightly obscure, but fri_l6_4 indicates frictional traction in a 6 layer analysis and the result after the fourth layer has been implemented. The frictional tractions on the hopper wall followed the same pattern as the normal pressure, except in the region very close to the outlet, where it dropped towards zero for all three filling procedures. This detail is a natural consequence of the restraint of the solids at the base, causing there to be no relative movement of the solid relative to the hopper wall there, and consequently no frictional force development. 
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Validation of the numerical prediction
Comparisons with algebraic theory predictions
The algebraic theories that were devised for the pressure distribution in hoppers (Dabrowski, 1957; Walker, 1966; Walters, 1973; McLean and Arnold, 1976; Enstad, 1981 Enstad, , 1975 , all assume that the hopper wall friction coefficient is fully developed, and are valid when the hopper has a steep inclination. For less steep hoppers, such as the present one, Rotter (1999 Rotter ( , 2001 proposed that the pressures may be evaluated using the same mechanics treatment, but adopting an effective hopper wall friction coefficient ( eff ). His analysis indicated that the wall friction would not be fully mobilised, and the hopper could therefore classed as shallow, if:
where  is the hopper apex half angle, k the lateral pressure ratio in a vertical walled section and  is the hopper wall friction coefficient. He proposed that the "effective hopper wall friction coefficient" ( eff ) for imperfect mobilisation of the wall friction would be:
where the value of k is often quoted as being between 0.3 and 0.4 for many solids (Jenike, 1964; Walker, 1966; Koenen, 1895) . However, it may be better represented by the treatment of Jaky (1948) (Eq. 1), or its slight adjustment to account for differences between the shear in a silo and its absence in a testing cell, implemented in EN 1991-4 (2006) to:
When finite element calculations are undertaken, k is no longer a primary parameter, but must be derived from the adopted Poisson's ratio, as given by Eq. 2. For comparison purposes, Eq. 2 was used here, leading to k = 0.35. Adopting this value, with the hopper half angle of  = 45, Eq. 6 predicts that the hopper is shallow, and the effective mobilised friction coefficient predicted by Eq. 7 is found to be  eff = 0.325. This value is in remarkable agreement with the finite element predictions shown in Fig 
Experimental validation

Experimental arrangement and measurements
Experiments were conducted in the apparatus sketched in The stored solid used in the tests was a free flowing dry sand with the properties that have been described above. The repose angle was measured as 36 at the instant of deposition. A Jenike shear cell was used to measure the wall friction angle on a piece of hopper wall and found to be 21.8. A feeding unit was used to ensure that the sand was deposited concentrically into the hopper. The hopper pressures Formatert: Venstre were therefore also assumed to be very close to axisymmetric, so it was believed that measurements on a single meridional generator would be sufficient to describe the full wall pressure distribution (Ding, 2004) .
Three repetitions of the same experiment were carried out, and the pressures on the four transducers M1 to M4 were measured throughout the filling process. The measured pressures at the end of each of the three tests are shown in Table 2 , together with the mean value and the coefficient of variation derived from the three tests. The coefficient of variation illustrates the fact that the small pressures towards the solid surface are much more variable than those in the main body of the hopper (Fig. 7) .
Moreover, the repeated tests illustrate the fact that it is not really justifiable to quote more than two significant figures when reporting hopper pressures, even from the same apparatus with the same materials. the shear measurement on transducer M1 was faulty, so this record should be disregarded.
The mobilised friction coefficient at each location is quite stable, and was always far below the measured full wall friction coefficient of  = 0.40 on stainless steel, but it was found to vary very significantly from one location to another. In the main part of the hopper, the value lay between 0.25 and 0.30, which is not far from that calculated in the finite element analysis, but near the surface and closer to the outlet, the values were found to be much lower (Fig. 9) . The drop near the surface corresponds well to that found in the progressive filling calculations. These tests consequently demonstrate that the assumption of a uniform mobilised wall friction coefficient may produce pressure predictions that are reasonable, but the true mobilised friction value may vary much more. 

In the experiments, the sand was fed into the hopper with concentric filling, and this arrangement was modelled in the calculations.
At the end of filling, the sand had a nearly axisymmetric cone at its top with a repose angle of 36, which was also modelled in the calculations.
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 The critical properties of the sand used in the finite element calculations (density, internal friction angle and wall friction angle) were measured for the sand used in the tests.
These calculations should therefore relate well to the experimental observations if the finite element model provides a good representation of the experiments.
Comparison of observed and calculated pressures
The most important comparison is that between the measured and predicted normal pressures at the end of filling. The measured values were obtained on the four transducers located as shown in Fig. 7 (0.43, 1.00, 1.36 and 1.57 m up the sloping side from the edge of the outlet). The measured pressures from the three tests are compared with the three finite element calculations in Fig. 10 . The differences between the predictions from the finite element analyses by the different approaches were previously noted: compared with switched-on filling, progressive filling increases the value of the maximum normal pressure and moves its location downwards towards the outlet; the normal pressures increase in the lower part of the wall and correspondingly decrease on the higher parts. The experimental observations, though limited in number, support the idea that these differences are quite well modelled in the calculations for progressive filling, and that there is a close relationship between the observed and calculated values. shear. It can be concluded that the full friction coefficient has not been mobilised in this shallow hopper, as predicted by Rotter (2001) , though the assumption of a uniform value for the effective friction coefficient is an over-simplification.
The mobilised friction coefficient predicted by the progressive filling calculations matched well with the measured values in the middle and near the top of the hopper, where there was a significant difference from switched-on filling. In the lower region, however, the experiments show a much lower mobilised friction than that predicted by the finite element analyses. The most likely cause of this discrepancy is the assumed compressibility of the sand, which is controlled by the assumed Young's modulus. The rather low value taken from Hjelmstad and Taciroglu (2000) may well be its cause.
Conclusions
Both finite element calculations and experiments to explore the pressures and mobilised friction in a shallow hopper during filling have been described. The calculations have been used to explore the role of the progressive filling process on the pattern of pressures on the hopper wall. The experiment gave useful evidence that allowed comparisons to be made with the numerical study. In general, numerically predicted pressures obtained by modelling the progressive filling process are in good agreement with the 21 experimental observations. It is evident therefore that modelling progressive filling has improved the finite element prediction over the more traditional and simpler switched-on gravity filling.
These comparisons also showed that Rotter's proposal and formulas (1999, 2001) for discriminating between steep and shallow hoppers, and for predicting the normal wall pressure magnitude and distribution in a shallow hopper using an effective wall friction coefficient  eff , provides a better match with both the experiments and numerical predictions than the other algebraic treatments.
The finite element calculations showed that the wall friction is nowhere fully mobilised in a shallow hopper. The predicted mobilised friction found in the calculations for both switched-on and progressive filling are in good agreement with each other, and in reasonable agreement with the algebraic prediction of Rotter's proposal and formula for the effective friction coefficient ( eff ).
Discrepancies remain between the different assessed values of mobilised wall frictional coefficient, both in pattern and magnitude. First, when the filling process is modelled using switched-on gravity, a zone near the top of the hopper is predicted to have a higher mobilised friction: this is not matched by either the progressive filling calculations or the experiments, and the cause is a clear error in mechanics.
Secondly, the experiments show rather low values for the mobilised friction in the lower parts of the hopper wall which are worthy of further investigation, but are accountable when it is recognised that the sand may have been treated as too compressible in the numerical model.
The relatively close agreement on normal pressures between the experiments and the calculations using progressive filling amply justify the further use of finite element calculations to explore a wider range of features of hopper pressures.
